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Abstract

An analytical study is presented for the bent-lamination of curved layered beams, a pro-

cess consisting in gluing the constituent plies together after they have been elastically bent

against a constraining negative mould. Possible applications range from glued laminated

timber manufacturing, to cold-lamination-bending of structural glass. After removal of the

constraint, the shear coupling through the glue maintains the curvature only partially, be-

cause the laminate suffers an initial spring-back followed by a long-term relaxation. The

model problem considered here is that of two Euler-Bernoulli beams coupled by a thin

viscoelastic adhesive layer. Within a variational approach, we analytically describe the

relationship between the mould shape and the shape of the curved beam, which is time-

dependent due to the viscosity of the adhesive layer. Localized contacts with the mould

and stress concentrations may occur, depending upon the type of profile that is initially

imposed. Comparison of the cases of instantaneous or gradual release of the contact with

the mould, evidences a remarkable reduction of the transient state of stress in the second

case.

1Corresponding author.

Preprint submitted to Elsevier February 5, 2015



pr
ep
ri
nt

Contact and transient in bent-lamination 2

Keywords: Bent-lamination; A. Laminate; B. Interface; C. Modelling; C. Stress
concentrations

Contents

1 Introduction 3

2 The model problem 5

2.1 The bent-lamination process . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2 Strain energy and governing equations . . . . . . . . . . . . . . . . . . . . . 7
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1. Introduction

In recent years, layered structures made by the composition of elastic layers bonded by
adhesive interlayers have been increasingly used in many applications, in civil as well as
aerospace, aeronautical, automobile and naval constructions. An interesting technique to
obtain low-cost curved elements is bent-lamination, which consists in gluing the constituent
plies together after they have been elastically bent against a constraining curved mould.
Releasing the package, the curvature is at least partially maintained through the shear
coupling of the plies via the adhesive layers.

An example of bent lamination products is “Glulam” (Glued laminated timber), com-
posed of suitably prepared wood sheets glued together with moisture-resistant adhesives [1].
Arches are glued and cured in curved forms, by constraining the package to the negative
mould with physical clamps or a vacuum press that define their shape. Once the adhesive
is dry, the resulting part will substantially hold its shape, even if the element may suffer
an initial spring-back followed by a slow relaxation due to the viscoelastic properties of the
adhesive layers [2]. Another example is laminated glass. Widely used in architecture thanks
to its sound-insulation capability and fail-safe post-glass-breakage response, it is composed
by two (or more) glass plies bonded together by a polymeric viscoelastic interlayer [3, 4].
A promising technique to obtain low-cost curved glazing consists in cold-bending the not-
yet-coupled glass-interlayer assembly in the desired shape and, in this constrained state,
performing the lamination process in autoclave [5, 6, 7]. After that adhesion takes place,
it is the bond of the glass through the interlayer that maintains the curvature when the
constraints are removed, even if the temperature-dependent viscoelastic properties of the
interlayer [8, 9, 10, 11] may lead to a slow change of the configuration [7].

In all cases, the rheologic effects must be precisely predicted to obtain the prescribed
curved surface. The model problem that is considered here is that of two external layers with
axial and bending stiffness glued by a thin viscoelastic adhesive interlayer, which can only
provide the shear coupling of the external layers. In other words, the role of the interlayer
is to provide shear stresses that contribute to the gross bending stiffness of the composite
package, keeping unchanged the relative distance between the external layers [12, 13, 14].
The laminated beam is assembled by bonding the external plies through the interlayer
after having been curved against a constraining mould. Assuming that the response of
the adhesive is viscoelastic, the problem is to calculate the time-dependent variation of the
beam shape, as well as the redistribution of stress in the components.

In the analytical model, the external plies are Euler-Bernoulli beams and the adhesive
is a viscoelastic layer which has negligible longitudinal stiffness with respect to the beams,
presents negligible strain in transversal direction so to suppose invariant its thickness, and
has variable stiffness in shear. More precisely, the viscoelasticity is considered by modeling
the interlayer as a linear elastic body, characterized by a proper temperature- and time-
dependent shear modulus. This approximation, usually referred to as the quasi-elastic
method, is equivalent to neglecting the memory effect of viscoelasticity [10].

In Section 2, a variational approach to this problem, based on the minimization of the
total strain energy functional, is used to determine the governing differential equations and
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boundary conditions under the hypothesis that the curvature is moderate2. The problem
is solved by developing a method originally proposed by Newmark et al. [15] to study
the elastic coupling through shear studs of steel-concrete composite bridge decks. Such a
formulation allows to write the governing equilibrium equations as a function of the vertical
displacement only, for those cases in which the overall bending moment in the beam is
statically determined. Appropriate boundary conditions either on the vertical displacement
field and on the shear stress transmitted by the interlayer need to be added. The so-
obtained governing equation allows to evaluate the relationship between the prescribed
deformed shape in the forcing phase, i.e., the mould shape, and the beam relaxation, as
well as the contact reactions and the resulting state of stress in the constituent layers.

The case of instantaneous removal of the constraining mould is investigated, with par-
ticular reference to the effect of the mould shape on both the constraint reactions and the
transient state of stress field consequent to the relaxation of the adhesive layer. In Section
3, it will be analytically proved that the most common case of constant-curvature mould
leads to shear stress concentrations at the beam ends. The higher the shear stiffness of the
adhesive layer, the more critical is its state of stress and, in the limit case of infinite-stiff
adhesive, the shear stress becomes singular because concentrated forces at the extremities
are necessary to guarantee equilibrium. This phenomenon presents analogies with the find-
ings of the keystone contributions by Puppo and Evensen [16] and Pipes and Pagano [17],
that, in the seventies, investigated the interlaminar shear stress in composite laminates.
Remarkably, it will be shown that if the mould profile is sinusoidal, the stress peaks are
smoothen out even when the shear modulus of the adhesive is high. When the bending
curvature is moderate, the difference between the sinusoidal and the constant curvature
shapes is inappreciable, so that the aesthetics appearance is not affected.

Noteworthy advantages in terms of stress state can be obtained not only through the
optimization of the the mould profile, but also by designing a gradual release of the lami-
nated beam. In Section 4, we study the contact problem by assuming that time-decreasing
external loads press the beam on the mould and produce a progressive decrease of the con-
tact area, until the laminate is completely released. It will be shown that, whereas in the
limit cases of free-sliding plies (null shear modulus of the adhesive layer) or rigidly bonded
plies (infinite shear stiffness of the adhesive) the constant-curvature mould exerts concen-
trated reaction forces at the borders of the contact zone, in the intermediate case of elastic
connection also a distributed pressure comes into play in the contact area. The nature and
type of contact depends upon the time-dependent shear stiffness of the interlayer and the
unloading history. By properly designing the release phase it is possible to bypass the most
severe stress states that occur in the case of instantaneous unloading, thus reducing the
risks of delamination.

2This hypothesis is met both for the cold-lamination bending of glass, where the radius of curvature is
of the order of several meters while glass thickness is just a few millimeters, and for Glulam, for which the
radius of curvature is generally limited to be between 100 and 125 times the thickness of the laminate.
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2. The model problem

The problem that will be considered is indicated in Figure 1a. Two external Euler-
Bernoulli beams, of length L, width b, Young’s modulus E and thickness h1 and h2, respec-
tively, are coupled by an adhesive layer of thickness h. Such layer is supposed so thin that
its axial and bending stiffness are negligible, but it can provide the shear coupling of the
beams through its shear modulus G(t), supposed time-dependent.

Introduce a right-handed orthogonal reference frame (x, y), with x parallel to the beam
axis and y directed upwards, so that −L/2 ≤ x ≤ L/2 denotes the reference configuration
of the body, and define the geometrical parameters

Ai = hib, Ii =
bh3i
12

(i = 1, 2), H = h+
h1 + h2

2
, A∗ =

A1A2

A1 +A2
, Itot = I1+I2+A∗H2, (2.1)

where Itot represents the moment of inertia of the cross sections of the beams properly
spaced of the adhesive interlayer gap. Under the hypothesis that strains are small and
rotations moderate, the kinematics is completely described by the vertical displacement
v(x, t), the same for the two glass components, and the horizontal displacements u1(x, t)
and u2(x, t) of the centroid of the upper and lower beams, respectively (Figure 1b). The
shear strain in the interlayer consequently reads [4]

γ(x, t) =
u1(x, t)− u2(x, t) + v(x, t)′H

h
, (2.2)

where, here and further, ′ denotes differentiation with respect to x.

Following the quasi-elastic approximation [10], the adhesive is modeled as a linear elas-
tic material, characterized by a proper time-dependent secant shear modulus to take into
account viscoelastic effects, so that the shear stress τ(x, t) is given by

τ(x, t) = G(t)γ(x, t) . (2.3)

One may assume that the viscoelasticity of the adhesive layer follows a Maxwell-Wiechert
model, so that its shear modulus decays with time according to a Prony series [18].

At least as a first order approximation, the beam curvature will be considerate moderate,
an hypothesis that is certainly met in most cases of practical importance [5, 19, 2].

2.1. The bent-lamination process

The composite beam is supposed to undergo a process consisting in two different phases.

• Phase I, distortion. The not-yet-bonded package, composed by the beams and the
adhesive layer, is constrained to bend in the desired shape (Figure 2a). A relative
displacement occurs between the faces of the beams in contact with the adhesive
layer, which will be considered in the following as a distributed shear dislocation [7].
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Figure 1: Sandwich beam with viscoelastic shear-compliant core: a) longitudinal view and b) magnification,
with relevant displacement components.

• Phase II, transient. After the adhesion is complete, the constraints are removed.
Now, it is the shear coupling provided by the adhesive layer that maintains the curva-
ture. However, as a consequence of the viscoelasticity of the adhesive layer, the curved
laminate exhibits an initial spring-back, followed by a long-term relaxation due to the
decay of the shear-coupling of the beams. As a consequence, the actual curvature is
different from the curvature of the mould (Figure 2b).

a)

b)

Figure 2: Cold-lamination-bending process. a) Phase I: cold bending of the uncoupled package onto the
negative mould; b) phase II: springback and relaxation after release.

Assume that the bending momentM(x, t) acting in the whole composite beam is positive
when v′′(x, t) > 0, while constraint reaction forces per unit length q(x, t) = −M ′′(x, t) are
positive when directed downward. Here and further, parameters and functions referring to
the two aforementioned phases will be labelled with the subscript I and II, respectively.

During phase I, the inertia of the not-yet-bonded package is simply given by I1 + I2. If
the profile of the mould is described by the function v(x), then vI(x, t) = v(x). The bending
moment and the constraint reactions are constant in time and read
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MI(x) = E(I1 + I2) v
′′(x) , qI(x) = −M ′′

I (x) = −E(I1 + I2) v
′′′′(x) . (2.4)

Moreover, since the layers are uncoupled, the shear stress in the adhesive layer, as well as
the axial forces in the two beams, are null. Setting u1(x, t) = u2(x, t) in (2.2), the shear
dislocation of the two beams in phase I, associated with null shear stress, is given by [7]

γI(x, t) = γ(x) =
H

h
v′(x) , τI(x, t) = 0 . (2.5)

In phase II the shear stress transmitted by the adhesive layer is proportional to the
shear strain associated with springing back and relaxation, i.e., to the difference between
the actual shear strain and the initial distortion γ(x). From (2.2) and (2.3), one has

γII(x, t) =
u1;II(x, t)− u2;II(x, t) + v′II(x, t)H

h
, τII(x, t) = G(t)[γII(x, t)− γ(x)] . (2.6)

More details for this distributed dislocation approach can be found in [7].

2.2. Strain energy and governing equations

During phase II, the strain energy of the beam −L/2 ≤ x ≤ L/2 at the time t can be
written in the form [20]

E[u1;II(x, t), u2;II(x, t), vII(x, t)] =∫ L/2

−L/2

{
1

2

[
E(I1 + I2)[v

′′
II(x, t)]

2 + EA1[u
′
1;II(x, t)]

2 + EA2[u
′
2;II(x, t)]

2

+
Gb

h
[u1;II(x, t)− u2;II(x, t) + v′II(x, t)H]2 −Gb[u1;II(x, t)− u2;II(x, t) + v′II(x, t)H]γ(x)

]
+ q(x, t) vII(x, t)

}
dx ,

(2.7)

where q(x, t) represents the constrain reactions.

For fixed t, the first variation of the functional with respect to the variations u1;II(x, t)+
δu1;II(x, t), u2;II(x, t)+δu2;II(x, t) and vII(x, t)+δvII(x, t) gives, respectively, the following
Eulers equilibrium equations

E(I1 + I2)v
′′′′
II (x, t)−GbH[γ′II(x, t)− γ′(x)] + q(x, t) = 0 ,

EA1u
′′
1(x, t) = Gb[γII(x, t)− γ(x)] ,

EA2u
′′
2(x, t) = −Gb[γII(x, t)− γ(x)] ,

(2.8)

with gemoetric/natural boundary conditions of the form
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[
[−E(I1 + I2)v

′′′
II(x, t) +GbH(γII(x, t)− γ(x))]δvII(x, t)

]L/2
−L/2

= 0 ,[
E(I1 + I2)v

′′
II(x, t)δv

′
II(x, t)

]L/2
−L/2

= 0 ,[
EA1u

′
1;II(x, t)δu1;II(x, t)

]L/2
−L/2

= 0 ,[
EA2u

′
2;II(x, t)δu2;II(x, t)

]L/2
−L/2

= 0 .

(2.9)

Condition (2.8)1 is the equilibrium in the y-direction of a beam with inertia I1 + I2
under the external load q(x, t) and under a distributed moment per unit length m̃(x, t) =
−bHτII(x, t), which accounts for the stiffening contribution of the shear coupling through
the adhesive [4]. Moreover, in (2.9)1 the quantity

V ∗(x, t) = −E(I1+I2)v
′′′
II(x, t)+GbH[γII(x, t)−γ(x)] = −E(I1+I2)v

′′′
II(x, t)+bHτII(x, t) ,

(2.10)

can be regarded as a fictitious shear force, accounting for the effects of the distributed
moment per unit length.

By defining the axial forces Ni;II(x, t) = EAiu
′
i;II(x, t), i = 1, 2, the equilibrium equa-

tions (2.8) may be rewritten as

E(I1 + I2)v
′′′′
II (x, t) + m̃′(x, t) + q(x, t) = 0 ,

N ′
1;II(x, t) = bτII(x, t) ,

N ′
2;II(x, t) = −bτII(x, t) ,

(2.11)

whose interpretation in terms of equilibrium is immediate.

2.3. Approach à la Newmark

It is useful to re-arrange the governing equations following an argument proposed by
Newmark [15], which allows to write (2.8)1 as a function of the vertical displacement vII(x, t)
only when the bending moment in the laminated beam is known, i.e., whenever the structure
is statically determined.

The bending moment MII(x, t) acting in phase II is due to the sum of the bending
moments in the two beams, i.e., M1;II(x, t) = EI1v

′′
II(x, t) and M2;II(x, t) = EI2v

′′
II(x, t),

and the contribution of the axial forces N1;II(x, t) and N2;II(x, t) multiplied by the level arm
H. Combining the second and third of (2.11), one can demonstrate [4, 20] that N1;II(x, t) =
−N2;II(x, t) and, hence,

MII(x, t) = E(I1 + I2)v
′′
II(x, t)−N1;II(x, t)H = E(I1 + I2)v

′′
II(x, t) +N2;II(x, t)H . (2.12)

It is also possible to find the expressions for the axial displacement fields as function of the
vertical displacement and of the external bending moment (see [10] and [20] for the details).
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These, together with equation (2.3) and (2.6)2, lead to the relationship

τ ′II(x, t) =
G(t)

hA∗H

[
Itotv

′′
II(x, t)−

MII(x, t)

E

]
−G(t) γ′(x) . (2.13)

By substituting (2.13) in (2.8)1 and by recalling that qII(x, t) = −M ′′
II(x, t), the first

equilibrium equation can be written in the form

E(I1 + I2)v
′′′′
II (x, t)−

bItotG(t)

hA∗ v′′II(x, t)−G(t)Hb γ′(x) +
bG(t)

hEA∗MII(x, t)−M ′′
II(x, t) = 0 .

(2.14)

Two important limit cases are those of free-sliding beams (null stiffness of the adhesive
layer), or rigidly bonded beams (infinite shear stiffness of the adhesive), which, borrowing
terms from the literature on laminated glass, will be referred to as the layered andmonolithic
limits. In the sequel, quantities referred to these limits will denoted by the subscript L and
M , respectively. In such borderline cases, (2.14) becomes

E(I1 + I2)v
′′′′
II;L(x, t)−M ′′

II(x, t) = 0 ,

− EItot v
′′
II;M (x, t)− EHhA∗ γ′(x) +MII(x, t) = 0 .

(2.15)

If the external constraint is instantaneously removed after that adhesion has taken place
(phase II), MII(x, t) = 0 and (2.14) can be simplified in the form

E(I1 + I2)v
′′′′
II (x, t)−

bItotG(t)

hA∗ v′′II(x, t)−G(t)Hb γ′(x) = 0 . (2.16)

Observed that G(t)Hb γ′(x) plays the role of an additional load acting on the beam that
tends to keep it in the deformed configuration. Since, in general, the shear modulus of the
interlayer G(t) decreases with time, this is a time-decreasing contribution.

Once the vertical displacement is known from (2.14), the shear stress in the interlayer
comes from equation (2.13) and, by recalling equation (2.12), the maximum normal stress
σi in the i− th beam, i = 1, 2, can be evaluated through expressions of the type [21]

|σi;II(x, t)| =

∣∣∣∣Ni;II(x, t)

Ai
±

Mi;II(x, t)

Ii

hi
2

∣∣∣∣
=

∣∣∣∣MII(x, t)− E(I1 + I2)v
′′
II(x, t)

HAi
± E

hi
2
v′′II(x, t)

∣∣∣∣ . (2.17)

The order of the relevant differential equations confirm the obvious conclusion that in
the case of symmetric bending (symmetric vertical displacement), the distribution of shear
stress is antisymmetric.
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3. Bent-lamination and instantaneous release

In the following, reference will be made to the case of a constant-curvature constraint,
which represents the most common condition in the practice. Under the hypotheses of small
deflection, the shape of the mould is approximated by the parabola

v(x) =
K

2

(
x2 − L2

4

)
, MI(x) = E(I1 + I2)K = const , (3.1)

whereK is representative of the curvature. The corresponding distributed shear dislocation,
given by (2.6), is consequently γ(x) = HK

h x.
It will be assumed, in the following, that in phase I a perfect contact is obtained

between the laminated package and the mould. However, it should be mentioned that,
if the contact is produced by two external forces PI applied at the beam ends, as shown in
Figure 3a, the constraint reactions would be represented by concentrated forces of Figure
3b. In fact ([22], Chapt. 5), since the bending moment is constant in the contact region
x ∈ [−dI , dI ], no distributed constrain reactions are present because qI(x) = −M ′′

I (x) = 0.
The relation between the applied load PI and the distance dI may be evaluated by requiring
the continuity of the bending moment3 at x = ±dI , so that

−PI(L/2− d) = MI = E(I1 + I2)K . (3.2)

However, the Euler Bernoulli beam theory clearly fails when L/2− dI becomes of the same
order of the beam thickness.

PI

x

y

dI
a)

PI

dI

PI

y

dI

b)

PI

dI PIPI

Figure 3: Constant-curvature distortion in phase I; a) action of concentrated forces at the beam’s ends and
b) constraint reactions from the mould.

3.1. Springing back and relaxation in Phase II

In the case of instantaneous release of the beam after adhesion, the vertical displacement
during Phase II may be evaluated by solving equation (2.16), together with boundary
conditions v′′II(±L/2, t) = 0, vII(0, t) = v(0) = −KL2/8 and v′II(0, t) = 0, ∀t. The result is

3The continuity of the bending moment is implicit because the mould cannot react with a concentrated
moment if the contact constraint is supposed to be, as in the case at hand, unilateral.
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vII(x, t) =
KH2A∗

α2(t)Itot

[
− 1− cosh(α(t)x)

cosh(α(t)L/2)
+

α2(t)x2

2

]
− KL2

8
, α(t) =

√
bItotG(t)

hA∗E(I1 + I2)
.

(3.3)

The initial spring-back may be evaluated by posing α(t) = α(0) in (3.3).

The expression (3.3) allows to recover the response of the layered beam in the two
borderline cases of layered and monolithic limit. In the case of frictionless sliding of the
beam (layered limit), G(t) = 0 ⇒ α(t) → 0, and one finds

vII;L(x) = lim
α(t)→0

vII(x, t) = −KL2

8
. (3.4)

In words, since the interlayer offers no shear coupling, the beam returns back to its initial
undeformed configuration. In the monolithic limit when G(t) → ∞ ⇒ α(t) → ∞, one has

vII;M (x) = lim
α(t)→+∞

vII(x, t) =
K

2

[
A∗H2

Itot
x2 − L2

4

]
= v(x)− K

2

I1 + I2
Itot

x2 ,

v′′II;M = K

[
1− I1 + I2

Itot

]
=

MI

E(I1 + I2)
− MI

EItot
.

(3.5)

This means that, when the adhesive layer is shear-rigid, the springing-back curvature is
proportional to the inertia Itot of the monolith.

For the sake of illustration, consider the case h1 = h2 = 20 mm, E = 12000 MPa,
h = 0.5 mm, L = 150 ·h1 and b = 50 ·h1, forced on a mould of radius 1/K = 300 ·h1. Figure
4 shows the vertical displacement vII(x, t) as a function of x ∈ [−L/2, L/2] for various
values of t, and consequently of G(t).

3.2. Transient states

The shear stress in the adhesive layer can be evaluated by posing MII(x, t) = 0 in (2.13).

Since by symmetry and equilibrium
∫ L/2
−L/2 τII(x, t)dx = 0, ∀t, one finds

τII(x, t) = −G(t)HK

hα(t)

sinh(α(t)x)

cosh(α(t)L/2)
= −α(t)HKA∗E

I1 + I2
bItot

sinh(α(t)x)

cosh(α(t)L/2)
. (3.6)

Observe that for high values of α(t) the shear stress tends to concentrate in the neighborhood
of the beam’s ends. The higher the shear modulus of the adhesive, the most severe is the
corresponding state of stress. The maximum axial stress acting on the i-th beam can be
evaluated through (2.17) with MII(x, t) = 0 and reads
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Figure 4: Constant-curvature bent-lamination. Vertical displacement in Phase II for various values of G(t).

|σi;II(x, t)| = E

∣∣∣∣(−(I1 + I2)

HAi
± hi

2

)
v′′II(x)

∣∣∣∣ (3.7)

=
EKH2A∗

Itot

(
(I1 + I2)

HAi
+

hi
2

)[
1− cosh(α(t)x)

cosh(α(t)L/2)

]
. (3.8)

For the same example proposed at the end of Section 3.1, Figures 5a and 5b show, as
a function of x, the shear stress in the adhesive layer and the maximum axial stress in the
beams σmax(t) (in absolute value), respectively.
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Figure 5: Constant-curvature bent-lamination. Shear stress in the adhesive layer and maximum axial stress
in the beams for various values of G(t).
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Obviously, when G(t) → 0 the stresses are null. When instead G(t) → ∞, it can
be analytically verified that the axial stress tends to a constant, whereas the shear stress
localizes at x = ±L/2, that is

lim
G(t)→∞

σi;II(x, t) = lim
α(t)→∞

σi;II(x) =
EKH2A∗

Itot

[
I1 + I2
HAi

+
hi
2

]
,

lim
G(t)→∞

τII(x, t) = lim
α(t)→∞

τII(x, t) =


−∞ x = −L/2 ,
0 |x| < L/2 ,
+∞ x = L/2 .

(3.9)

In other words, the adhesive layers needs to transmit concentrated shear forces F at the
beam’s ends. The magnitude of F acting at x = −L/2 can be evaluated as

F = lim
α(t)→∞

b

∫ 0

−L/2
τII(x, t) = lim

α(t)→∞
EA∗HK

I1 + I2
Itot

cosh(α(t)L/2)− 2

cosh(α(t)L/2)
= −EA∗HK

I1 + I2
Itot

.

(3.10)

In the next Section, this finding will be discussed more in detail.

3.3. Stress concentrations in the adhesive layer

In phase II, when G(t) → ∞ the external bending moment is null and the beam
curvature, given by (3.5), is constant. Hence, from (2.12), one has

MII(x) = E(I1 + I2)v
′′
II(x)−N1,II(x)H = E(I1 + I2)v

′′
II(x) +N2,II(x)H = 0 . (3.11)

which gives that N1;II(x) = −N2;II(x) = const. But the equilibrium equations (2.8)2−3 in
horizontal direction imply that

N1;II = −N2;II =

∫ x

0
τII(ξ) dξ = const . (3.12)

Such a requirement, together with boundary conditions (2.9)2 and (2.9)3 (Ni;II(±L/2) = 0),
would imply a null distribution of the shear stress along the beam (Figure 6a), and the
paradoxical conclusion that the adhesive is inactive. It is then necessary to assume the
occurrence of concentrated shear forces F in correspondence of the beam’s ends (Figure
6b), as predicted by the limit (3.9). From equilibrium one finds

N1(x) = −N2(x) = F , ⇒ F = −
M(x)− E(I1 + I2)v

′′
II(x)

H
= −EA∗HK

I1 + I2
Itot

, (3.13)

which coincides with the conclusion of (3.10).
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Figure 6: Shear stress transmitted by the adhesive layer. a) Continuous shear stress distribution and b)
singular stress distribution.

The phenomenon of stress intensification in laminates has been the subject of a very
large number of studies. Already in the seventies Puppo and Evensen [16] investigated the
interlaminar shear stress in composite laminates under generalized plane stress, modeled as
two anisotropic layers separated by an isotropic inner layer able to transmit shear stress
only. The problem of a finite symmetrical laminate under uniform unidirectional deforma-
tion was analytically solved, and the distribution of the shear stress in the inner layer was
found to be of the same type of (3.6), that is, hyperbolic sinusoidal with maximum shear
stress at the plate borders. In their seminal work [17], Pipes and Pagano considered the
response of a finite-width composite laminate under uniform axial strain, treated within
classical elasticity theory and solved by means of finite differences analysis. Supposing that
the interface thickness was negligible and the bonding between the plies was perfect (conti-
nuity of the displacement fields across the interface), the interlaminar shear stress appeared
to grow unboundedly in the neighborhood of the plate free edges.
Similar phenomena have been observed by Salamon [23], reporting the results of a numeri-
cal finite-difference investigation of the interlaminar stresses induced in a layered laminate
subject to pure bending. Several works, also in recent years, are focused on the singu-
larities in interlaminar stress due to thermal effects in composites (see, among the others,
[24, 25, 26, 27]). Generally speaking, the interlaminar stresses which develop in the bound-
ary regions along the free edges of a composite laminates are identified as causes of edge
delamination phenomena. This relationship has been investigated, even in recent years,
both from the analytical [28, 29, 30] and the experimental [31, 32] point of view.

There may be various countermeasures to avoid, or at least mitigate, the stress concen-
trations in the adhesive layers. One possibility, discussed in the next section, consists in
slightly changing the shape of the constraining mould. However, as it will be discussed in
Section 4, also a gradual release from the constraints during Phase II may contribute to
smoothen out the localization of stress at the adhesive interface.

3.4. How to avoid stress concentrations in the adhesive interface

Consider a (co)sinusoidal shape for the constraining mould and the consequent bending
moment in Phase I of the type
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v(x) = vmax cos
(πx
L

)
, MI(x) = −E(I1 + I2)

π2

L2
cos
(πx
L

)
; (3.14)

where vmax denotes the initial camber. The constraint reaction is qI(x) = −M ′′
I (x) =

−E(I1 + I2)
π4

L4 cos(πx/L), while the distributed shear dislocation, evaluated through (2.6),

is γ(x) = −H
h

π
L vmax sin(πx/L).

In Phase II the vertical displacement may be evaluated by solving equation (2.16),
together with conditions v′′II(±L/2, t) = 0, vII(0, t) = v(0) = vmax and v′II(0, t) = 0, ∀t,
and may be written as

vII(x, t) =
α2(t)H2A∗

Itot(π2/L2 + α2(t))
vmax

[
cos
(πx
L

)
− 1
]
+ vmax , (3.15)

where α(t) is defined by (3.3)2. This means that the beam deformed shape is (co)sinusoidal
for all the possible values of the adhesive shear modulus, that is ∀α(t). In the limit cases
G(t) → 0 (Layered) and G(t) → ∞ (Monolithic), the displacement is

vII;L(x) = lim
α(t)→0

vII(x, t) = vmax , (3.16)

vII;M (x) = lim
α(t)→+∞

vII(x, t) = v(x)− I1 + I2
Itot

[
cos
(πx
L

)
− 1
]
. (3.17)

¿From (2.17) and (2.13) with MII(x, t) = 0, one obtains the stress in the beams and in

the adhesive layer. Considering the symmetry of the problem and since
∫ L/2
−L/2 τII(x, t)dx =

0, ∀t, one finally obtains

|σi;II(x, t)| = E

(
(I1 + I2)

HAi
+

hi
2

)
α2(t)H2A∗

Itot(π2/L2 + α2(t))

π2

L2
vmax cos

(πx
L

)
, (3.18)

τII(x, t) =
G(t)H

h(π2/L2 + α2(t))

π3

L3
vmax sin

(πx
L

)
. (3.19)

It is evident from (3.3)2 that τII(x, t) remains bounded even when G(t) → ∞ (α(t) →
∞). Figure 7 is the counterpart of Figure 5 for the case a (co)sinusoidal mould. By
comparing the two figures, notice that for any given value of G(t) the maximum axial stress
in the external plies is slightly higher in the (co)sinusoidal bending than in the constant-
curvature bending, but a decrease of more than one order of magnitude can be observed in
terms of maximum shear stress.

These conclusions agree with the results obtained in [20], while considering the optimal
shape for the cold-bending of laminated glass.
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Figure 7: Sinusoidal bent-lamination. Shear stress in the adhesive layer and maximum axial stress in the
beams for various values of G(t).

4. Bent-lamination and gradual release

Another way to reduce the stress peaks at the beam ends in phase II is to gradually
release the laminated package from the mould.

Suppose, as in the previous Section, that adhesion process is done when the beam is
in perfect contact with the mould, whose curvature K is again supposed to be constant.
Phase I ends at t = 0− and Phase II begins at t = 0. At t = 0+ we suppose that the
constraints that maintained the curvature throughout the whole length of the beam have
been removed, and that the beam is hold in place by two external forces only, applied at
the beam ends as schematically represented in Figure 3a. More precisely, at t = 0+ there is
a contact region d(0+) = dI ̸= L/2 under the action of the end forces P (0+) = PI , and the
problem consists in characterizing the type and extension of such contact region, identified
by the function d(t), when the end forces P (t) monotonically decrease from the initial value
P (0+) = PI to zero.

Two phases need to be distinguished in the unloading history. In the first one, denoted
as “Stage A”, the contact zone d(t) gradually diminishes but does not vanish. In this
configuration, represented by Figure 8a, the zone |x| < d(t) presents constant curvature K,
while the free portions |x| > d(t) are governed by equation (2.14), with a linear bending
moment. However, on the contrary to what indicated at beginning of Section 3 (compare
Figure 3 and equation (3.2)), the distributed contact reactions q(x, t) in |x| < d(t) are
potentially non-null. In fact, as it will be shown in Section 4.1, the adhesive layer is now
“active” in producing the shear coupling of the laminate.

When P (t) becomes lower than a certain limit value, say P ∗, the contact zone reduces
to a the point x = 0 (d(t) = 0), and the contact reaction becomes a concentrated force
2P (t), depicted in Figure 8b. This case, referred to as “Stage B”, will be investigated in
Section 4.2.

To simplify the notation, in the following Sections the subscript II, denoting quantities
referred to phase II, will be omitted without risk of confusion.
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Figure 8: Gradual release of constant-curvature cold-lamination-bending, through decreasing concentrated
forces at the beam ends. a) Stage A (distributed contact) and b) Stage B (pointwise contact).

4.1. Stage A: distributed contact

The contact problem is governed by (2.14) with appropriate boundary conditions. With
reference to Figure 8a, three different regions need to be distinguished.

• The central zone |x| < d(t), here and further denoted by the subscript C, where the
beam is in contact with the mould and the vertical displacement is

vC(x) =
K

2

(
x2 − L2

4

)
. (4.1)

Since this field is known, (2.14) can be solved to find the bending moment MC(x, t).

• The two external zones |x| > d(t), referred to by the subscript E. Using the symmetry,
only the left-hand-side zone x ∈ [−L/2,−d(t)] needs to be considered. Here the
bending moment is ME(x, t) = −P (t)[L/2 + x] and (2.14) can be used to calculate
the vertical displacement.

This is a free-boundary value problem because d(t) is unknown, but it will be evaluated
by requiring the continuity of the bending moment4 at x = −d(t), that is, ME(−d(t), t) =
MC(−d(t), t).

4.1.1. Limit cases of null adhesion or stiff adhesion

Consider first the borderline cases of layered limit (G(t) → 0) and monolithic limit
(G(t) → ∞), distinguished by the subscripts L and M , respectively.

When G(t) → 0, the governing equilibrium equation (2.15)1 may be solved together
with boundary conditions (2.9)1 and (2.9)2 and continuity conditions for deflection and
slope where the central and the external regions meet, i.e., at x = −d(t). In summary,
using symmetry, one has

4Again, concentrated couples cannot be provided by the constraint reactions because the contact is
unilateral.
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V ∗
E(x, t)

∣∣
x=−L/2

= F ,

v′′E(x, t)
∣∣
x=−L/2

= 0 ,

vE(x, t)
∣∣
x=−d(t)

= vC(x)
∣∣
x=−d(t)

,

v′E(x, t)
∣∣
x=−d(t)

= v′C(x)
∣∣
x=−d(t)

,

M ′
C(x, t)

∣∣
x=0

= 0 .

(4.2)

Recalling the definition (2.10) of V ∗(x, t), observe that since the adhesive layer is inactive,
the first of (4.2) is simply equivalent to E(I1 + I2)v

′′′
E (−L/2, t) = −P (t).

With some calculations, one finds the expressions

MC;L(x) = EK(I1 + I2) = const ,

vE;L(x, t) = −K

48

8x3 + 12Lx2 + 24d2(t)x+ 8d3(t)− 3L3 + 6L2d(t)

L/2− d(t)
,

(4.3)

where the distance d(t) is related to the applied load by the expression, analogous to (3.2),

−P (t)[L/2− d(t)] = E(I1 + I2)K , (4.4)

which derives from the continuity of the bending moment at x = −d.

In the case G(t) → ∞, the governing equation is given by (2.15)2, which may be solved
simply by prescribing continuity condition on the displacement and slope fields, leading to
the following expressions

MC;M (x) = EK(I1 + I2) = const ,

vE;L(x, t) = −K

48

I1 + I2
Itot

8x3 + 12Lx2 + 24d2(t)x+ 8d3(t)− 3L3 + 6L2d(t)

L/2− d(t)

+
K

8

H2A∗

Itot

(
x2 − L2

4

)
,

(4.5)

where, again, the distance d(t) is related to the applied load by relation (4.4).

Observe that the bending moment in the central region is constant and takes the same
value of the layered limit. This is due to the fact that the shear stress field presents jump
discontinuities at the frontier points x = ±d(t), that “shield” the central zone, so that here
the state of stress is not affected by the deformation of the external regions.

Both in the monolithic and layered limits, since the bending moment is constant for
x ∈ [−d(t), d(t)], the distributed contact reaction qC(x) = −M ′′

C(x) = 0 is null. Therefore,
the mould reacts with concentrated forces P (t) at x = ±d(t), which balance the end forces.

4.1.2. Compliant adhesive layer

When the elastic shear modulus of the adhesive layer is finite and nonzero, the displace-
ment field in the central region is known, and the solution of the equilibrium equation (2.14)
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in terms of the bending moment MC(x, t) gives the expression

MC(x, t) = CM1e
β(t)x + CM2e

−β(t)x + EK(I1 + I2) , β(t) =

√
bG(t)

hEA∗ , (4.6)

whereas in the external regions, where the bending moment is known, the vertical displace-
ment reads

vE(x, t) =
C1e

α(t)x + C2e
−α(t)x

α2(t)
+

KH2A∗x2

2Itot
− P (t)

2EItot

(Lx2
2

+
x3

3

)
+ C3x+ C4 , (4.7)

being α(t) as defined in (3.3)2.

The six constants of integration appearing in such expressions must satisfy the five con-
ditions (4.2), but another condition is necessary for their determination. However, recalling
the definition (2.10) for V ∗, observe that, in order to satisfy the first of (4.2), it is neces-
sary to know the shear stress τE(x, t). The first derivative of the shear stress field may be
evaluated by means of Newmark’s equation (2.13), leading to

τ ′C(x, t) = − Gb

EKHA∗ [CM1e
β(t)x + CM2e

−β(t)x] , (4.8)

τ ′E(x, t) =
E(I1 + I2)α

2(t)

H
[C1e

α(t)x + C2e
−α(t)x] ; (4.9)

where β(t) is defined by (4.6). Hence, the shear stress field in each beam region is determined
up to an additive constant.

Therefore, three additional boundary conditions are needed, but some comments are
requested. First of all, observe that the shear stress is related with the displacement fields by
(2.6) but, since the first derivative of the vertical displacement is continuous, a discontinuity
in the shear stress must be associated with a jump in the horizontal displacement fields
u1(x, t) and u2(x, t), which is not compatible with the kinematic restrictions of the problem.
Furthermore, the axial forces acting on the external beams N1(x, t) = −N2(x, t) are related
to τ(x, t) by the second and third of (2.11). Hence, a jump discontinuity in the axial
forces would result in Dirac delta distribution for the shear stress field that, again, is
not compatible with the problem. In conclusion, both the continuity of the shear stress
and of the axial forces, resulting in the continuity of the second derivative of the vertical
displacement because of (2.12), are required.

In conclusion, the three additional conditions are obtained by requiring that the shear
stress is antisymmetric, together with the continuity of the shear stress and of the second
derivative of the displacement at x = −d(t), that is
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τC(x, t)

∣∣
x=0

= 0 ,

τE(x, t)
∣∣
x=−d(t)

= τC(x, t)
∣∣
x=−d(t)

,

v′′E(x, t)
∣∣
x=−d(t)

= v′′C(x)
∣∣
x=−d(t)

.

(4.10)

The explicit expression for the constant of integrations, as well as the analytic relation-
ship between the applied external actions P (t) and the width of the contact region d(t), can
thus be easily determined, but are not recorded here for the sake of briefness. In any case,
it should be noted that, for the case of null and of infinite shear modulus of the adhesive
layer, d(t) tends to the value predicted by (4.4) whereas the coefficients CM1 and CM2 of
(4.6) tends to zero. Consequently

lim
G(t)→∞

MC(x, t) = lim
G(t)→0

MC(x, t) = EK(I1 + I2) . (4.11)

The plots in Figure 9 show the values of CM1 = CM2 and of the contact radius d(t), as a
function of the shear modulus of the adhesive layer G(t), for the same geometry considered
in the previous Sections, when the external forces are P (t) = 3 kN.
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Figure 9: Values of the coefficients CM1 = CM2 and of the contact radius d(t) as functions of the shear
modulus of the adhesive layer. Case P (t) = 3 kN.

4.1.3. Results and comparisons.

For the same geometry of the previous section and P (t) = 3 kN, Figure 10 shows the
vertical displacement as a function of x ∈ [−L/2, 0], evaluated through (4.1) and (4.7),
for different values of the shear modulus of the adhesive layer G(t). In the same Figure,
the limit cases of equations (4.3)2 and (4.5)2, respectively, are also plotted for the sake of
comparison.

Figure 11 shows the graphs of the bending moment, as well as of the axial force in each
one of the constitutive beams, for varying G(t). Remarkably the bending moments at the
layered and at the monolithic limits coincide. For intermediate values of G(t) the trend
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Figure 10: Gradual relaxation, stage A, P (t) = 3 kN. Vertical displacement for various values of G(t).

is quite different in the central region, whose radius d(t) obviously depends upon G(t),
whereas the external regions are obviously statically determined. On the other hand, the
axial force in each constituent beam is null ∀x in the layered limit, while it shows a linear
trend in the external region when the monolithic limit is attained. The jump of the axial
force at x = −L/2 is due to the presence of concentrated shear forces in the adhesive layer
at the beam ends, analog to those discussed in Section 3.3 for the case of instantaneous
release.
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Figure 11: Gradual relaxation, stage A, P (t) = 3 kN. Graphs of the bending moment and axial force in each
one of the constituent beams for various values of G(t).

The role of the adhesion is even more evident in Figure 12, showing the shear stress
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in the interlayer and the absolute value of the maximum longitudinal stress σmax(t) in the
constituent beams, respectively, as a function of x, for different values of G(t). It should be
observed that, as evidenced in Section 4.1.1, in the monolithic limit the shear stress tends
to became singular at x = −L/2 and exhibits a jump discontinuity at x = −d(t). As a
consequence of this, the maximum longitudinal stress is linear.

( )G t

increasing

( )G t ® ¥

( ) 0G t =

( ) 0G t =

( )G t ® ¥

( )G t

increasing

-1500 -1000 -500 0
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

t
[M

P
a
]

G(t)=0.01

G(t)=0.1

G(t)=1

G(t)=10

-1500 -1000 -500 0
0

5

10

15

20

25

s
[M

P
a
]

Figure 12: Gradual relaxation, stage A, P (t) = 3 kN. Shear stress in the interlayer and axial stress in the
constituent beams for various values of G(t).

Figure 13 shows the distributed contact reaction between the beam and the mould, that
is, the graph q(x, t) = −M ′′(x, t) in the central region, for different values of the shear
modulus of the adhesive layer. Notice that for G(t) = 0 one finds q(x, t) = 0 because only
concentrated forces occur in this case.
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Figure 13: Gradual relaxation, stage A, P (t) = 3 kN. Distributed contact reactions with the mould for
various values of G(t).



pr
ep
ri
nt

Contact and transient in bent-lamination 23

IncreasingG(t) the contact reactions are distributed, but they tend to grow unboundedly
at x = ±d(t) when G(t) → ∞, attaining in the limit the Dirac’s distribution because

lim
G(t)→∞

∫ 0

−d(t)
q(x, t) dx = P (t) . (4.12)

On the other hand, in the intermediate cases when 0 < G(t) < ∞ , one can verify that

0 <

∫ 0

−d(t)
q(x, t) dx < P (t) ∀t . (4.13)

This means that, aside the distributed forces, the mould will exert also concentrated
upward reactions at x = ±d(t) in order to equilibrate the external applied loads.

4.2. Stage B: pointwise contact

There is a value P (t) = P ∗ for which d(t) = 0. Remarkably, since d(t) depends upon
the inner layer stiffness properties (see Figure 9b), also P ∗ depends upon such properties.

4.2.1. Compliant adhesive layer

Consider by symmetry the left-hand-side half beam x ∈ [−L/2, 0]. Differently from stage
A, in stage B the bending moment can be determined from statics and read M(x, t) =
P (t)(L/2 + x), independently of the value of G(t). Moreover, the contact reaction is a
concentrated force 2P (t) acting at x = 0, as already represented in Figure 8b.

The vertical displacement can be evaluated from (2.14) and reads

v(x, t) =
C1e

α(t)x + C2e
−α(t)x

α2(t)
+

KH2A∗x2

2Itot
− P (t)

2EItot

(Lx2
2

+
x3

3

)
+ C3x+ C4 . (4.14)

This expression is the counterpart of (4.7), and the constants can be determined from
conditions 

V ∗(x, t)
∣∣
x=−L/2

= F ,

v′′(x, t)
∣∣
x=−L/2

= 0 ,

v(x, t)
∣∣
x=0

= v(x)
∣∣
x=0

= −KL2

8 ,

v′(x, t)
∣∣
x=0

= 0 .

(4.15)

Again, for the first of (4.15) it is necessary to evaluate the shear stress τ(x, t) by integrat-
ing Newmark’s equation (2.13). An additional boundary condition comes from requiring
that the distribution of shear stress is antisymmetric, i.e., τ(x, t)

∣∣
x=0

= 0. The explicit
expressions for the constant of integration can thus be easily found.

4.2.2. Results and comparisons.

Figure 14 shows the vertical displacement as a function of x ∈ [−L/2, 0], as per (4.14),
for different values of the shear modulus G(t), for the same geometry as before and for
P (t) = 0.3 kN < P ∗.
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Figure 14: Gradual relaxation, stage B: vertical displacement for various values of G(t).
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Figure 15 shows the shear stress in the adhesive layer and the (absolute) value of the
maximum longitudinal stress in the external beams as a function of x, for different values of
G(t). It is evident that, also in the present case, whenever the monolithic limit is attained
(G(t) → ∞) the shear stress tend to became singular at x = −L/2. Comparing this case
with that of figure 12, it is evident that the opposite singularities at x = ±d(t) have merged
when d(t) → 0. The maximum longitudinal stress is obviously linear in the borderline cases
of layered and monolithic limits, whereas it is more complicated in the intermediate cases.

4.3. Comparison between instantaneous and gradual release in case of viscoelastic adhesion

This last Section is devoted to the comparisons of the results between the cases of
gradual release from the mould (Sections 4.1 and 4.2) and instantaneous release (Section
3). It is evident that the stress state depends not only upon the constraining loads P (t),
but also upon the secant shear modulus of adhesive layer, which can vary in time due to
viscosity. To illustrate, Figure 16 shows the graphs of the shear stress in the interlayer
in x ∈ [−L/2, 0], for different value of the prescribed external action P (t) (including both
stage A and stage B) and of G(t). It is thus evident that there is an interaction between
the unloading velocity and the effects of viscosity, which imply that G(t) is a decreasing
function of time.
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Figure 16: Shear stress transmitted by the adhesive layer, for different value of the prescribed external action
P (t) and of the shear stiffness of the adhesive layer (graphs not in the same scale).

Let us consider the case in which the external constraining actions P (t) are linear de-
creasing function of time, varying from PI to the null value. For the same geometry of the
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laminated package referred to in the previous Sections, suppose that the adhesive layer is
made of a viscoelastic material whose response is interpreted through the Maxwell-Wiechert
model [18]. More precisely, suppose that under constant shear-strain, the shear modulus
decays with time according to the Prony series

G(t) = G∞ +
N∑
k=1

Gke
−t/θk = G0 −

N∑
k=1

Gk(1− e−t/θk), (4.16)

where G∞ is the long-term shear modulus (corresponding to the totally relaxed material),
whereas the terms Gk and θk, k = 1, .., N , are respectively the relaxation shear moduli and
the relaxation times associated with the i− th Maxwell element. The instantaneous shear
modulus G0 is thus given by G∞ +

∑N
k=1Gk. Assumed parameters for the present case are

N = 3, G0 = 10 MPa, G1 = 9 MPa, G2 = 0.9 MPa, G3 = 0.09 MPa; θ1 = 1 s, θ2 = 10 s,
θ3 = 100 s. Such values are compatible with those of a common glue used to produce glued
laminated timber.

Consider, then, the three different unloading histories plotted in Figure 17a, where the
descent of the external constraining actions from PI to the null value is done in 30 s, 60s
and 120s, respectively. The value PI = 66.7 kN has been chosen so that the starting
detachment-length d(0+) is of the same order of the beam height.
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Figure 17: a) Three linear unloading histories. b) Corresponding time-dependent maximum shear stress in
the adhesive layer, compared with the shear stress for an instantaneous release.

Figure 17b shows the comparison of the maximum shear stress in the interlayer, obtained
in general at the ends x = ±L/2 (Figure 16), for the three considered unloading histories.
For the sake of comparison, the graph of instantaneous release, treated in Section 3, is
juxtaposed to the others.

Observe that at the instant t in which P (t) = 0, the graphs meet, and afterwards follow,
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the “instantaneous release” curve. Remarkably, if the constraining loads are gradually
removed, the state of stress in the interlayer can be substantially reduced, of one order
of magnitude. In other words, a gradual release is the way to “bypass” the shear stress
concentrations that would occur at the beam ends if the unloading was instantaneous. This
case confirms that an accurate design of bent-lamination should not neglect to consider the
unloading phase as a crucial part of the process.

5. Conclusions

A model problem has been proposed to describe the response of curved laminated beams
obtained by gluing elastic plies while bent against a constraining mould. The composite is
made by two Euler-Bernoulli beams bonded, in the deformed state, by a thin viscoelastic
adhesive layer, which provides the shear coupling that is necessary to maintain the cur-
vature when the constrains with the mould are removed. However, after the release, the
viscoelasticity of the adhesive interlayer provokes an initial spring-back followed by a long-
term relaxation due to the decay of the shear-coupling of the constituent plies. This causes
not only a time-dependent variation of the shape, but also a redistribution of stress.

The equilibrium equations, as well as the boundary conditions, have been obtained with
a variational approach. The relative slip between the beams produced in the forcing phase
is properly taken into account as a distributed shear dislocation [7]. The viscoelasticity of
the adhesive layer has been considered by assuming that a Prony series for the Maxwell-
Wiechert model describes the time-dependence of the shear modulus, an approximation
that neglects the memory effect of viscoelasticity [10] and is usually referred to as the quasi-
elastic approach. The Euler-Lagrange equations may be manipulated by developing, for
this particular case, a method originally proposed by Newmark et al. [15] for composite
beams with elastic interaction, obtaining a fourth-order differential equation for the vertical
displacement only. It is then possible to evaluate analytically the relationship between the
shape of the mould and the shape of the beam that can be obtained after the release, as
well as the resulting state of stress in the constituent layers, which varies with time due to
the viscoelasticity of the adhesive.

If the contact is instantaneously released, it is demonstrated that the use of a constant-
curvature mould induces remarkable shear stress concentrations in the adhesive layer, in
the neighborhood of the beam ends, which can possibly induce delamination. On the other
hand, if one applies other types of mould shapes such as the sinusoidal one, which differs
only slightly from the constant-curvature configuration in cases of practical importance, an
almost uniform distribution of shear stresses can be obtained. Indeed, for what the state of
stress is concerned, the constant curvature mould appears to be one of the worst choices,
because just a very slight modification of this profile can smoothen out the stress peaks
with insignificant modification of the aesthetics.

The possible advantages of a gradual release of the beam have been investigated by
solving the time-dependent contact problem of the composite beam with the mould. In
particular, the beam is supposed to be pressed against the mould by two time-decreasing
external forces applied at its extremities. It has been demonstrated that the viscoelastic
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properties of the interlayer strongly influence not only the progressive decrease of the contact
area and the redistribution of stress in the constituent layers, but also the qualitative form
of the constraint contact reactions. In the limit cases of free-sliding beams (layered limit) or
rigidly bonded beams (monolithic limit) the constant-curvature mould exerts concentrated
reaction forces at the borders of the contact zone [22]. But when the shear stiffness of the
interlayer is non-zero and finite, part of the action of the concentrated contact forces is
shifted to a distributed pressure that arises in the contact area.

It is very interesting, in our opinion, to observe that a gradual release from the constrain-
ing mould produces a much lower shear stress in the adhesive interlayer with respect to the
case of instantaneous release. In other words, a gradual release is the way to bypass the
stress concentrations that may occur at the beam ends when the release is instantaneous.

We expect that the present study can furnish indications to optimize the glued laminated
timber(Glulam) manufacturing process and the cold-lamination-bending of structural glass.
Optimization of the shape of the mould and a proper design of the release phase appear to
be crucial factors that can substantially improve the quality of the product, reducing the
risks of spontaneous delamination.
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