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Abstract

An analytical study is presented for the bent-lghation of curved layered beams, a pro-

cess consisting in gluing the constituent plies\t§gether after they have been elastically bent

against a constraining negative mould % ble applications range from glued laminated
timber manufacturing, to cold-I i%-b pding of structural glass. After removal of the
constraint, the shear coupli ugh the glue maintains the curvature only partially, be-
cause the laminate suffe itial spring-back followed by a long-term relaxation. The
model problem considered h&e is that of two Euler-Bernoulli beams coupled by a thin
viscoelastic adhesive layer. Within a variational approach, we analytically describe the
relationship between the mould shape and the shape of the curved beam, which is time-
dependent due to the viscosity of the adhesive layer. Localized contacts with the mould
and stress concentrations may occur, depending upon the type of profile that is initially
imposed. Comparison of the cases of instantaneous or gradual release of the contact with

the mould, evidences a remarkable reduction of the transient state of stress in the second

case.
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1. Introduction

In recent years, layered structures made by the composition of elastic layers bonded by
adhesive interlayers have been increasingly used in many applications, in civil as well as
aerospace, aeronautical, automobile and naval constructions. An interesting technique to
obtain low-cost curved elements is bent-lamination, which consists in gluing the constituent
plies together after they have been elastically bent against a constraining curved mould.
Releasing the package, the curvature is at least partially maintained through the shear
coupling of the plies via the adhesive layers.

An example of bent lamination products is “Glulam” (Glued laminated timber), com-
posed of suitably prepared wood sheets glued together with moisture-resistant adhesives [1].
Arches are glued and cured in curved forms, by constraining the package to the negative
mould with physical clamps or a vacuum press that defing their shape. Once the adhesive
is dry, the resulting part will substantially hold its shapefven if the element may suffer
an initial spring-back followed by a slow relaxation due to th viscoelastic properties of the

adhesive layers [2]. Another example is lamlnateq gla used in architecture thanks
to its sound-insulation capability and fail-safe post-ghaS§-bi®akage response, it is composed
by two (or more) glass plies bonded together %ﬁf eric viscoelastic interlayer [3, 4].
A promising technique to obtain low-cost ¢ d gla%ihg consists in cold-bending the not-

yet-coupled glass-interlayer assembly in
performing the lamination process in am

ired shape and, in this constrained state,
ve [, 6, 7]. After that adhesion takes place,

cMange of the configuration [7].

ts must be precisely predicted to obtain the prescribed
curved surface. The mod that is considered here is that of two external layers with
axial and bending stiffne d by a thin viscoelastic adhesive interlayer, which can only
provide the shear coupling offthe external layers. In other words, the role of the interlayer
is to provide shear stresses théit contribute to the gross bending stiffness of the composite
package, keeping unchanged the relative distance between the external layers [12, 13, 14].
The laminated beam is assembled by bonding the external plies through the interlayer
after having been curved against a constraining mould. Assuming that the response of
the adhesive is viscoelastic, the problem is to calculate the time-dependent variation of the
beam shape, as well as the redistribution of stress in the components.

interlayer [8, 9, 10, 11] may le
In all cases, the rheologi

In the analytical model, the external plies are Euler-Bernoulli beams and the adhesive
is a viscoelastic layer which has negligible longitudinal stiffness with respect to the beams,
presents negligible strain in transversal direction so to suppose invariant its thickness, and
has variable stiffness in shear. More precisely, the viscoelasticity is considered by modeling
the interlayer as a linear elastic body, characterized by a proper temperature- and time-
dependent shear modulus. This approximation, usually referred to as the quasi-elastic
method, is equivalent to neglecting the memory effect of viscoelasticity [10].

In Section 2, a variational approach to this problem, based on the minimization of the
total strain energy functional, is used to determine the governing differential equations and
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boundary conditions under the hypothesis that the curvature is moderate?. The problem
is solved by developing a method originally proposed by Newmark et al. [15] to study
the elastic coupling through shear studs of steel-concrete composite bridge decks. Such a
formulation allows to write the governing equilibrium equations as a function of the vertical
displacement only, for those cases in which the overall bending moment in the beam is
statically determined. Appropriate boundary conditions either on the vertical displacement
field and on the shear stress transmitted by the interlayer need to be added. The so-
obtained governing equation allows to evaluate the relationship between the prescribed
deformed shape in the forcing phase, i.e., the mould shape, and the beam relaxation, as
well as the contact reactions and the resulting state of stress in the constituent layers.

The case of instantaneous removal of the constraining mould is investigated, with par-
ticular reference to the effect of the mould shape on bothgthe constraint reactions and the
transient state of stress field consequent to the relaxation g€ the adhesive layer. In Section
3, it will be analytically proved that the most common_cas®of|constant-curvature mould
leads to shear stress concentrations at the beamgend igler the shear stiffness of the
adhesive layer, the more critical is its state of strgss\aud, ™ the limit case of infinite-stiff
adhesive, the shear stress becomes singular be cen®ntrated forces at the extremities
are necessary to guarantee equilibrium. This on presents analogies with the find-
ings of the keystone contributions by Pupag Evensen [16] and Pipes and Pagano [17],
that, in the seventies, investigated thq 'm nar shear stress in composite laminates.
Remarkably, it will be shown that } olild profile is sinusoidal, the stress peaks are
smoothen out even when the s odul®g pf the adhesive is high. When the bending
curvature is moderate, the difigren tween the sinusoidal and the constant curvature
shapes is inappreciable, so e aesthetics appearance is not affected.

Noteworthy advantages erms of stress state can be obtained not only through the
optimization of the the moul§ profile, but also by designing a gradual release of the lami-
nated beam. In Section 4, we $tudy the contact problem by assuming that time-decreasing
external loads press the beam on the mould and produce a progressive decrease of the con-
tact area, until the laminate is completely released. It will be shown that, whereas in the
limit cases of free-sliding plies (null shear modulus of the adhesive layer) or rigidly bonded
plies (infinite shear stiffness of the adhesive) the constant-curvature mould exerts concen-
trated reaction forces at the borders of the contact zone, in the intermediate case of elastic
connection also a distributed pressure comes into play in the contact area. The nature and
type of contact depends upon the time-dependent shear stiffness of the interlayer and the
unloading history. By properly designing the release phase it is possible to bypass the most
severe stress states that occur in the case of instantaneous unloading, thus reducing the
risks of delamination.

2This hypothesis is met both for the cold-lamination bending of glass, where the radius of curvature is
of the order of several meters while glass thickness is just a few millimeters, and for Glulam, for which the
radius of curvature is generally limited to be between 100 and 125 times the thickness of the laminate.
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2. The model problem

The problem that will be considered is indicated in Figure la. Two external Euler-
Bernoulli beams, of length L, width b, Young’s modulus F and thickness hq and hs, respec-
tively, are coupled by an adhesive layer of thickness h. Such layer is supposed so thin that
its axial and bending stiffness are negligible, but it can provide the shear coupling of the
beams through its shear modulus G(¢), supposed time-dependent.

Introduce a right-handed orthogonal reference frame (z,y), with = parallel to the beam
axis and y directed upwards, so that —L/2 < z < L/2 denotes the reference configuration
of the body, and define the geometrical parameters

bh3
12

A* =

hi + ha

A; = hib, I, =
2

(i=1,2), H=h+ ior = I+ +A*H?, (2.1)

where I;,; represents the moment of inertia of the cr igns of the beams properly
spaced of the adhesive interlayer gap. Under @he otQelis that strains are small and
rotations moderate, the kinematics is completel sclibed by the vertical displacement
v(z,t), the same for the two glass componentg; %\e horizontal displacements wu1(x,t)
and ug(x,t) of the centroid of the upper an{Npwer Béams, respectively (Figure 1b). The

shear strain in the interlayer consequentl d\4]

2(1'1 t) + ’U(Qj‘, t)/H
h )

entiation with respect to .

(2.2)

where, here and further, ’ den di

Following the quasi-ela apfroximation [10], the adhesive is modeled as a linear elas-
tic material, characteriz proper time-dependent secant shear modulus to take into
account viscoelastic effects, hat the shear stress 7(x,t) is given by

T(z,t) = G(t)y(x, ). (2.3)

One may assume that the viscoelasticity of the adhesive layer follows a Maxwell-Wiechert
model, so that its shear modulus decays with time according to a Prony series [18].

At least as a first order approximation, the beam curvature will be considerate moderate,
an hypothesis that is certainly met in most cases of practical importance [5, 19, 2].

2.1. The bent-lamination process

The composite beam is supposed to undergo a process consisting in two different phases.

e Phase I, distortion. The not-yet-bonded package, composed by the beams and the
adhesive layer, is constrained to bend in the desired shape (Figure 2a). A relative
displacement occurs between the faces of the beams in contact with the adhesive
layer, which will be considered in the following as a distributed shear dislocation [7].
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Figure 1: Sandwich beam with viscoelastic shear-compliant core: a) longitudinal view and b) magnification,
with relevant displacement components.

e Phase II, transient. After the adhesion is complete, the constraints are removed.

Now, it is the shear coupling provided by the adhesi yer that maintains the curva-
ture. However, as a consequence of the viscoelasticit the adhesive layer, the curved
laminate exhibits an initial spring-back, followed loRg/term relaxation due to the
decay of the shear-coupling of the beams. ®As n ence, the actual curvature is

different from the curvature of the mould &%re b).

Figure 2: Cold-lamination-bending process. a) Phase I: cold bending of the uncoupled package onto the
negative mould; b) phase II: springback and relaxation after release.

Assume that the bending moment M (x, t) acting in the whole composite beam is positive
when v (x,t) > 0, while constraint reaction forces per unit length ¢(z,t) = —M"(x,t) are
positive when directed downward. Here and further, parameters and functions referring to
the two aforementioned phases will be labelled with the subscript I and I, respectively.

During phase I, the inertia of the not-yet-bonded package is simply given by I; + Is. If
the profile of the mould is described by the function v(z), then vy (z,t) = v(x). The bending
moment and the constraint reactions are constant in time and read
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Mi(z) =E(L +12) v"(z),  qi(z) =—M[(z) = —E(I1 + 1) v"(z) .  (24)

Moreover, since the layers are uncoupled, the shear stress in the adhesive layer, as well as
the axial forces in the two beams, are null. Setting ui(z,t) = wa(x,t) in (2.2), the shear
dislocation of the two beams in phase I, associated with null shear stress, is given by [7]

H

vi(x,t) =7(x) = " v(z), Tr(x,t)=0. (2.5)

In phase I the shear stress transmitted by the adhesive layer is proportional to the
shear strain associated with springing back and relaxation, i.e., to the difference between
the actual shear strain and the initial distortion ¥(x). From (2.2) and (2.3), one has

urr(z,t) — ugrr(x,t) + vp(x, t)H

Vi(z,t) = ;. (e @) (z,t) —7(x)] . (2.6)
More details for this distributed dislocation app%ach ound in [7].
2.2. Strain energy and governing equations

During phase 11, the strain energy bedm —L/2 < x < L/2 at the time ¢ can be
written in the form [20]
Clur,rr(x,t), ug.rr(x,t), vrr(x

L/2 (1
/L/2 B [E(Il + Io)| )%+ EA[uy g (x, % + EAsluy, p(, ik

Gb
-l (2,8) = ug () + 0y (2, ) HI? = Ghlurr(w,8) — s i (@, ) + v (2, ) HP (@)

+q(x,t) vrr(x, t)}dx,

(2.7)

where g(z,t) represents the constrain reactions.

For fixed ¢, the first variation of the functional with respect to the variations uy.rr(x,t)+
dui.rr(z,t), ug.rr(z,t)+oug.rr(z,t) and vrr(x, t)+dvr(x, t) gives, respectively, the following
Eulers equilibrium equations

E(I + L)vif (z,t) = GbH [y (2,t) =7 (2)] + q(z, 1) = 0,
By (2,) = Gy (z,t) - 7()], (2.8)
EAgug(x,t) = *th/ll(xvt) - 7($)] )

with gemoetric/natural boundary conditions of the form
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- L/2
[—E(I) + L)v]j(x,t) + GbH (yr1(z, t) — 7(x))]0vrr(z, t) L =0,
. L/2
B(L + L)oj (2. )50, (2,1)] '~ =0,
L —L/2 (2 9)
r L/2 )
EAlu’l;H(x,t)éul;n(a:,t)} = 0,
- L/2/
L2

Condition (2.8); is the equilibrium in the y-direction of a beam with inertia I; + I
under the external load ¢(z,t) and under a distributed moment per unit length m(x,t) =
—bHyy(x,t), which accounts for the stiffening contribution of the shear coupling through
the adhesive [4]. Moreover, in (2.9); the quantity

EAQUIQ;II(LL', t)oug,r1(x, t)}

V*(x,t) = —E(I1 + L)v]7(x, )+ GbH [y (z, t) —¥(z)] E L)z, t)+bHT1(2,1),

° (2.10)
can be regarded as a fictitious shear force, acc t n§ for the effects of the distributed
moment per unit length.

By defining the axial forces Nj.rr(z,t) Zul 11T, t), i = 1,2, the equilibrium equa-
tions (2.8) may be rewritten as
Il—I-IQ 7 xt —I—q:z:t) 0,
N{ n T, (2.11)
N. é H
whose interpretation in f eQuilibrium is immediate.

2.3. Approach a la Newmar

It is useful to re-arrange the governing equations following an argument proposed by
Newmark [15], which allows to write (2.8); as a function of the vertical displacement vy (z,t)
only when the bending moment in the laminated beam is known, i.e., whenever the structure
is statically determined.

The bending moment Mjr(x,t) acting in phase II is due to the sum of the bending
moments in the two beams, i.e., My rr(x,t) = ELvY(z,t) and May(z,t) = ELv](z,t),
and the contribution of the axial forces Ny.r7(x,t) and Na,r7(x,t) multiplied by the level arm
H. Combining the second and third of (2.11), one can demonstrate [4, 20] that Ny,r7(z,t) =
—No.rr(z,t) and, hence,

M]](l’,t) = E(Il + IQ)U/I,I(.T,t) — Nl;[[(a;‘,t)H = E(Il + IQ)UII/I(.CC,t) —{—NQ;][(.CIJ,t)H. (2.12)

It is also possible to find the expressions for the axial displacement fields as function of the
vertical displacement and of the external bending moment (see [10] and [20] for the details).
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These, together with equation (2.3) and (2.6)2, lead to the relationship

G(t)

M][ x,t

z — G(t) 7' (z). (2.13)

Liopvr(,t) —

By substituting (2.13) in (2.8); and by recalling that q;7(x,t) = —M},(x,t), the first
equilibrium equation can be written in the form

bl G(t _ bG(t
E(I + L)W/ (x,t) — th;l() vi(z,t) = G HY 7' (x) + Eix) Myg(z,t) — M}y (2,t) = 0.

(2.14)

Two important limit cases are those of free-sliding beams (null stiffness of the adhesive
layer), or rigidly bonded beams (infinite shear stiffness o adhesive), which, borrowing
terms from the literature on laminated glass, will be referre ag the layered and monolithic

limits. In the sequel, quantities referred to these limits defoted by the subscript L and
M, respectively. In such borderline cases, (2.14 .bec S

E(Il + Iy ’U,I/}/L x t

(2.15)
- EItOt 'UIIM :L' t + MI[ J»’ t) 0
If the external constraint is mst neoMgly removed after that adhesion has taken place
(phase IT), Myr(z,t) =0 and be $mplified in the form

bItotG "

B(I + 12 ! o (2,t) — G)HDb 7 () = 0. (2.16)

Observed that G(t)Hb 7' (x ) plays the role of an additional load acting on the beam that
tends to keep it in the deform€d configuration. Since, in general, the shear modulus of the
interlayer G(t) decreases with time, this is a time-decreasing contribution.

Once the vertical displacement is known from (2.14), the shear stress in the interlayer
comes from equation (2.13) and, by recalling equation (2.12), the maximum normal stress
o; in the ¢ — th beam, i = 1,2, can be evaluated through expressions of the type [21]

’Ni;n(%t) L Migi(@,t) hi
I; 2

M ) — E(I I)v" t i
’ 1r(z,1) I(Jfll-+ 2) vy (7, )iEh—v}’I(x 1 . (2.17)

loirr(z,t)| =

The order of the relevant differential equations confirm the obvious conclusion that in
the case of symmetric bending (symmetric vertical displacement), the distribution of shear
stress is antisymmetric.
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3. Bent-lamination and instantaneous release

In the following, reference will be made to the case of a constant-curvature constraint,
which represents the most common condition in the practice. Under the hypotheses of small
deflection, the shape of the mould is approximated by the parabola

v(x) = K <x2 - LZ), Mip(z) = E(I; + I;)K = const, (3.1)

where K is representative of the curvature. The corresponding distributed shear dislocation,
given by (2.6), is consequently 7(x) = %x

It will be assumed, in the following, that in phase I a perfect contact is obtained
between the laminated package and the mould. However, it should be mentioned that,
if the contact is produced by two external forces Pr appligd at the beam ends, as shown in

Figure 3a, the constraint reactions would be represented concentrated forces of Figure
3b. In fact ([22], Chapt. 5), since the bending momengi tant in the contact region
€ [—dy,dj], no distributed constrain reactlons.are S€ t ecause gr(z) = —M7(x) = 0.

The relation between the applied load P; and the 1 may be evaluated by requiring

the continuity of the bending moment? at z =

—Pr(L)2—d)

However, the Euler Bernoulli beam the rly fails when L/2 — d; becomes of the same
order of the beam thickness.

A

a) b)

E(I + L)K . (3.2)

Figure 3: Constant-curvature distortion in phase I; a) action of concentrated forces at the beam’s ends and
b) constraint reactions from the mould.

3.1. Springing back and relaxation in Phase I1

In the case of instantaneous release of the beam after adhesion, the vertical displacement
during Phase IT may be evaluated by solving equation (2.16), together with boundary
conditions vf;(£L/2,t) = 0, v7(0,t) = v(0) = —KL?/8 and v},;(0,t) = 0, Vt. The result is

3The continuity of the bending moment is implicit because the mould cannot react with a concentrated
moment if the contact constraint is supposed to be, as in the case at hand, unilateral.
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) = T |~ cosh(a(t)L/2) > O =\ B+ 1)

(3.3)

KH2A* [ 1— cosh(a(t)z) aQ(t):L‘Ql KL b G (1)

The initial spring-back may be evaluated by posing «a(t) = a(0) in (3.3).

The expression (3.3) allows to recover the response of the layered beam in the two
borderline cases of layered and monolithic limit. In the case of frictionless sliding of the
beam (layered limit), G(t) = 0 = «a(t) — 0, and one finds

. KI?
U[[;L(l‘) = lim U[[(l’,t) = — .

4
a(t)—0 8 (3 )

In words, since the interlayer offers no shear coupling, th am returns back to its initial

undeformed configuration. In the monolithic limit when G( 00 = a(t) — oo, one has
(]
K | A*H? 2 K I+ I
. = 1 ‘[j = — — - 2
virin () Oé(t)l—%roo v (@) 2 | L % v(e) 2 Lot T
(3.5)
L+ 1 My I
iy =K |1— = .
e Lot E(h Elor

This means that, when the ad layer Wshear-rigid, the springing-back curvature is
proportional to the inertia Iy, onohth

For the sake of 1llustr ns1der the case hy = ho = 20 mm, £ = 12000 MPa,
h =0.5mm, L = 150-h;\a¥ u 50- hq, forced on a mould of radius 1/K = 300- h;. Figure
4 shows the vertical displa®ient vrr(z,t) as a function of x € [—L/2,L/2| for various
values of ¢, and consequently §G(t).

O’

8.2. Transient states

The shear stress in the adhesive layer can be evaluated by posing Mj;(x,t) = 0 in (2.13).
Since by symmetry and equilibrium ffé% Tr1(x, t)dez = 0, Vt, one finds

G(t)HK sinh(a(t)z)
ha(t) cosh(a(t)L/2)

L+ 1 sinh( (t) )
bl;or cosh(a(t)L/2)"

—a(t)HKA*E

T[[(l',t) == (36)

Observe that for high values of a(t) the shear stress tends to concentrate in the neighborhood
of the beam’s ends. The higher the shear modulus of the adhesive, the most severe is the
corresponding state of stress. The maximum axial stress acting on the i-th beam can be
evaluated through (2.17) with My;(z,t) = 0 and reads
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cosh(a(t)x)
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at the end of Section 3.1, Figures 5a and 5b show, as

), respectively.
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Figure 5: Constant-curvature bent-lamination. Shear stress in the adhesive layer and maximum axial stress

in the beams for various values of G(t).
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Obviously, when G(t) — 0 the stresses are null. When instead G(t) — oo, it can
be analytically verified that the axial stress tends to a constant, whereas the shear stress
localizes at x = +L /2, that is

EKH?A* |1+ I, h;
1 t | = ry
G(tl)gooaln(gc )= oz(t;glooaln() Tiot HA; T2
(3.9)
—00 x=-L/2,
li t)= 1l t) = 0 < L/2
G(;)rgoonl(x, ) a(églooﬁl(x’ ) |z| /2,

+oo  x=1L/2.

In other words, the adhesive layers needs to transmit coficentrated shear forces F' at the

beam’s ends. The magnitude of F acting at x = —L/2 capMge evaluated as
0 [ ]
I t)L/2) I +1
F= lim b/ 7u(nt)= lim EA'HK LA A gs!!&) WL/ =2 pyepgghtl
a(t)=oo  J_L/2 a(t)—oo 0 OSh(Oé(t)L/2) Lot

(3.10)
In the next Section, this finding will be djsguss®&l more in detail.

3.3. Stress concentrations in the ad

In phase II, when G(t) —
curvature, given by (3.5), is ¢

P

rnal bending moment is null and the beam
, from (2.12), one has

My (z) = E(I1 + 1o)X Ny rr(2)H = E(I1 + L)v{(z) + Nogr(z)H =0.  (3.11)

which gives that Ni.;7(z) = 2.11(x) = const. But the equilibrium equations (2.8)2_3 in
horizontal direction imply that

x
Nyr = —Noyr = / 711(§) d§ = const. (3.12)
0

Such a requirement, together with boundary conditions (2.9), and (2.9)3 (V;,r7(£L/2) = 0),
would imply a null distribution of the shear stress along the beam (Figure 6a), and the
paradoxical conclusion that the adhesive is inactive. It is then necessary to assume the
occurrence of concentrated shear forces F' in correspondence of the beam’s ends (Figure
6b), as predicted by the limit (3.9). From equilibrium one finds

M(z) — E(Iy + I2)v;(z)  _BA'HK L+ 1

1(37) Q(x) ’ = _H Itot

, (3.13)

which coincides with the conclusion of (3.10).
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Figure 6: Shear stress transmitted by the adhesive layer. a) Continuous shear stress distribution and b)
singular stress distribution.

The phenomenon of stress intensification in laminates has been the subject of a very
large number of studies. Already in the seventies Puppo aQgr Evensen [16] investigated the
interlaminar shear stress in composite laminates under gerfeRalized plane stress, modeled as

two anisotropic layers separated by an isotropic inne er e to transmit shear stress
only. The problem of a finite symmetrical lamin®ite erWyiform unidirectional deforma-
tion was analytically solved, and the dlstrlbutlon thefghear stress in the inner layer was
found to be of the same type of (3.6), that ig hc sinusoidal with maximum shear
stress at the plate borders. In their semina ], Pipes and Pagano considered the

der unlform axial strain, treated within
w of finite differences analysis. Supposing that
the interface thickness was negligib d tN bonding between the plies was perfect (conti-
nuity of the displacement fields gcPof§ th¢ intPfface), the interlaminar shear stress appeared
to grow unboundedly in the n&i8hborhood of the plate free edges.
Similar phenomena have bb ved by Salamon [23], reporting the results of a numeri-
Rtid

response of a finite-width composite la
classical elasticity theory and solved b

cal finite-difference invesyi of the interlaminar stresses induced in a layered laminate
subject to pure bending. veral works, also in recent years, are focused on the singu-
larities in interlaminar stress $fe to thermal effects in composites (see, among the others,
[24, 25, 26, 27]). Generally speaking, the interlaminar stresses which develop in the bound-
ary regions along the free edges of a composite laminates are identified as causes of edge
delamination phenomena. This relationship has been investigated, even in recent years,
both from the analytical [28, 29, 30] and the experimental [31, 32] point of view.

Q

There may be various countermeasures to avoid, or at least mitigate, the stress concen-
trations in the adhesive layers. One possibility, discussed in the next section, consists in
slightly changing the shape of the constraining mould. However, as it will be discussed in
Section 4, also a gradual release from the constraints during Phase I1 may contribute to
smoothen out the localization of stress at the adhesive interface.

3.4. How to avoid stress concentrations in the adhesive interface

Consider a (co)sinusoidal shape for the constraining mould and the consequent bending
moment in Phase I of the type
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2

V() = Vmaq COS (%), Mi(z) = —E(L + IQ) T cos (T) ; (3.14)
where vUpq, denotes the initial camber. The constraint reaction is ¢qr(z) = —M](z) =
—E(L + 1) Li cos(mz /L), while the distributed shear dislocation, evaluated through (2.6),
is y(z) = =& T v4p sin(mz/L).

In Phase I the vertical displacement may be evaluated by solving equation (2.16),
together with conditions v};(£L/2,t) = 0, vr7(0,t) = T(0) = vmqe and v},(0,t) = 0, Vi,
and may be written as

vir(x,t) = Itot(wz(/l)/fji;( D) vmax[cos (WCE) — 1] + Unmaz (3.15)

where «(t) is defined by (3.3)2. This means that the beamg de ed shape is (co)sinusoidal
for all the possible values of the adhesive shear @no t is Va(t). In the limit cases

G(t) — 0 (Layered) and G(t) — oo (Monolithic),(ﬂv lacement is

virn(x) = lim wvp(z, (3.16)
a(t)—0
virm(z) = hm [ (%) — 1] (3.17)
JFrom (2.17) and (2.13 )=ggith = 0, one obtains the stress in the beams and in
the adhesive layer. Cons the Symmetry of the problem and since f 12T 1(z,t)dx =

0, Vt, one finally obtains

2/L2 T a2(t)) 72 Umaz €OS (T), (3.18)

Z

I I h HQA* 2
osrr(z,t)] = E 1* 2)  h u
2 Lot (

Trr(z,t) = e 2/L2+a2( ))% mawSlD(L)' (3.19)

It is evident from (3.3)2 that 777(z,t) remains bounded even when G(t) — oo (a(t) —
00). Figure 7 is the counterpart of Figure 5 for the case a (co)sinusoidal mould. By
comparing the two figures, notice that for any given value of G(¢) the maximum axial stress
in the external plies is slightly higher in the (co)sinusoidal bending than in the constant-
curvature bending, but a decrease of more than one order of magnitude can be observed in
terms of maximum shear stress.

These conclusions agree with the results obtained in [20], while considering the optimal
shape for the cold-bending of laminated glass.
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Figure 7: Sinusoidal bent-lamination. Shear stress in the adhesive layer and maximum axial stress in the
beams for various values of G(t).

4. Bent-lamination and gradual release
(]
Another way to reduce the stress peaks at tm ends in phase I is to gradually
release the laminated package from the moul
hesion process is done when the beam is

vadure K is again supposed to be constant.
s at t = 0. At t = 0T we suppose that the

Suppose, as in the previous Section, tha

been removed, and that the bedm T

the beam ends as schematicall resented in Figure 3a. More precisely, at t = 0T there is
a contact region d(01) = /Bunder the action of the end forces P(0") = Py, and the
problem consists in char g the type and extension of such contact region, identified

by the function d(t), when tIg end forces P(t) monotonically decrease from the initial value
P(0") = Py to zero.

Two phases need to be distinguished in the unloading history. In the first one, denoted
as “Stage A”, the contact zone d(t) gradually diminishes but does not vanish. In this
configuration, represented by Figure 8a, the zone |z| < d(t) presents constant curvature K,
while the free portions |z| > d(t) are governed by equation (2.14), with a linear bending
moment. However, on the contrary to what indicated at beginning of Section 3 (compare
Figure 3 and equation (3.2)), the distributed contact reactions ¢(z,t) in |z| < d(t) are
potentially non-null. In fact, as it will be shown in Section 4.1, the adhesive layer is now
“active” in producing the shear coupling of the laminate.

When P(t) becomes lower than a certain limit value, say P*, the contact zone reduces
to a the point x = 0 (d(¢t) = 0), and the contact reaction becomes a concentrated force
2P(t), depicted in Figure 8b. This case, referred to as “Stage B”, will be investigated in
Section 4.2.

To simplify the notation, in the following Sections the subscript 11, denoting quantities
referred to phase I1, will be omitted without risk of confusion.
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Figure 8: Gradual release of constant-curvature cold-lamination-bending, through decreasing concentrated
forces at the beam ends. a) Stage A (distributed contact) and b) Stage B (pointwise contact).

4.1. Stage A: distributed contact

The contact problem is governed by (2.14) with appropfie poundary conditions. With

reference to Figure 8a, three different regions need to ist ished.
(]

e The central zone |x| < d(t), here and furth den ed by the subscript C, where the
beam is in contact with the mould and t i al displacement is

T (4.1)

Since this field is known, ( lved to find the bending moment M¢(x,t).

e The two external zoneg
only the left-handsj
bending moment i
the vertical displaceme

referred to by the subscript E. Using the symmetry,
on® x E [-L/2,—d(t)] needs to be considered. Here the
,t) = —P(t)[L/2 + z] and (2.14) can be used to calculate

This is a free-boundary value problem because d(t) is unknown, but it will be evaluated
by requiring the continuity of the bending moment?® at x = —d(t), that is, Mg(—d(t),t) =
MC’(_d(t)a t)‘

4.1.1. Limit cases of null adhesion or stiff adhesion

Consider first the borderline cases of layered limit (G(t) — 0) and monolithic limit
(G(t) — o0), distinguished by the subscripts L and M, respectively.

When G(t) — 0, the governing equilibrium equation (2.15); may be solved together
with boundary conditions (2.9); and (2.9)2 and continuity conditions for deflection and
slope where the central and the external regions meet, i.e., at © = —d(¢). In summary,
using symmetry, one has

4Again, concentrated couples cannot be provided by the constraint reactions because the contact is
unilateral.
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v (z,t) o= 12 0,

UE(m’t)‘xzfd(t) = ”C(x)‘x}d(t) ; (4.2)
Ug?(z’t)‘x:fd(t = ”’c(f'f)‘x? (t)”

M(’;(:c,t)‘l:o =0.

Recalling the definition (2.10) of V*(z,t), observe that since the adhesive layer is inactive,
the first of (4.2) is simply equivalent to E(I; + I)v(—L/2,t) = —P(t).
With some calculations, one finds the expressions

Mc.1(z) = EK (I + I5) = const,
K 823 4+ 12Lx% + 24d2(t)x + 84\ — 3L3 + 6L2d(t) (4.3)
48 L2 —d(t ’

'UE;L(:L’, t) = —

where the distance d(t) is related to the applied Qoad(By tI% $xpression, analogous to (3.2),

—P(t)[L/2 — d(t) E\y LK, (4.4)

hepdirtkk moment at £ = —d.

H

which derives from the continuity of the
In the case G(t) — oo, the governing

simply by prescribing continuity copditio
the following expressions

ionl is given by (2.15)2, which may be solved
the displacement and slope fields, leading to

MC;M(.r) = EK(Il = nst,
K I} 23 + 12La? 4 24d%(t)x + 8d>(t) — 3L3 + 6L2d(t)
vEiL(x,t) = —— 4.5
48 Iyt L2 —d(t) (4.5)
K H2 (] 5 L2
8 Iy (”” - Z) ’

where, again, the distance d(t) is related to the applied load by relation (4.4).

Observe that the bending moment in the central region is constant and takes the same
value of the layered limit. This is due to the fact that the shear stress field presents jump
discontinuities at the frontier points z = +d(t), that “shield” the central zone, so that here
the state of stress is not affected by the deformation of the external regions.

Both in the monolithic and layered limits, since the bending moment is constant for
x € [—d(t),d(t)], the distributed contact reaction go(x) = —M/(x) = 0 is null. Therefore,
the mould reacts with concentrated forces P(t) at x = +d(t), which balance the end forces.

4.1.2. Compliant adhesive layer
When the elastic shear modulus of the adhesive layer is finite and nonzero, the displace-
ment field in the central region is known, and the solution of the equilibrium equation (2.14)
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in terms of the bending moment M¢c(z,t) gives the expression

bG (1)

Me(z,t) = C’M1eﬁ(t)x + C’Mge—ﬁ(t)m + EK(L + 1), pB(t)= oy

(4.6)

whereas in the external regions, where the bending moment is known, the vertical displace-
ment reads

vp(z,t) =

Cre®®r 4 oo KH2A*2  P(t) (La® o
- )+ o+ 0y, (47
a2(t) T o 2EIt0t< 7 3)+ sr+Ca, (A7)

being «(t) as defined in (3.3)s.

The six constants of integration appearing in such €ess must satisfy the five con-
ditions (4.2), but another condition is necessary for t rmination. However, recalling
the definition (2.10) for V*, observe that, in ord to sQgisfy the first of (4.2), it is neces-
sary to know the shear stress 7 (z,t). The firgt®le t1ve of the shear stress field may be

evaluated by means of Newmark’s equation 3), leading to
b
tH(z,t) = %Cw T 4 CppoeP07] (4.8)
I
Te(z,t) 1) [Cre®DT 4 CheaB] . (4.9)

where 3(t) is defined by (4.6YeHence, the shear stress field in each beam region is determined
up to an additive constant.

Therefore, three additional boundary conditions are needed, but some comments are
requested. First of all, observe that the shear stress is related with the displacement fields by
(2.6) but, since the first derivative of the vertical displacement is continuous, a discontinuity
in the shear stress must be associated with a jump in the horizontal displacement fields
ui(x,t) and ug(z,t), which is not compatible with the kinematic restrictions of the problem.
Furthermore, the axial forces acting on the external beams Nj(x,t) = —Ny(z,t) are related
to 7(x,t) by the second and third of (2.11). Hence, a jump discontinuity in the axial
forces would result in Dirac delta distribution for the shear stress field that, again, is
not compatible with the problem. In conclusion, both the continuity of the shear stress
and of the axial forces, resulting in the continuity of the second derivative of the vertical
displacement because of (2.12), are required.

In conclusion, the three additional conditions are obtained by requiring that the shear
stress is antisymmetric, together with the continuity of the shear stress and of the second
derivative of the displacement at x = —d(t), that is
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Tc(:B,t)LU:O =0,
TE(2, )|,y = T0@ )]y (4.10)
Ug(, t)‘x:—d(t) = Ug(x)‘x:—d(t) :

The explicit expression for the constant of integrations, as well as the analytic relation-
ship between the applied external actions P(¢) and the width of the contact region d(t), can
thus be easily determined, but are not recorded here for the sake of briefness. In any case,
it should be noted that, for the case of null and of infinite shear modulus of the adhesive
layer, d(t) tends to the value predicted by (4.4) whereas the coefficients Cp/1 and Cpyo of
(4.6) tends to zero. Consequently

lim Mg(z.t) = lim Mg(z.t) = EK(I; + Iy) . 4.11
com ol ) G o, 1) (I1 + I2) (4.11)

The plots in Figure 9 show the values of Cy;1 = Cyys a f the contact radius d(t), as a
function of the shear modulus of the adhesive layer G({)yNor teJsame geometry considered
in the previous Sections, when the external forc@s a (tN3 3 kN.
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Figure 9: Values of the coefficients Cp1 = Cm2 and of the contact radius d(t) as functions of the shear
modulus of the adhesive layer. Case P(t) = 3 kN.

4.1.8. Results and comparisons.

For the same geometry of the previous section and P(t) = 3 kN, Figure 10 shows the
vertical displacement as a function of x € [—L/2,0], evaluated through (4.1) and (4.7),
for different values of the shear modulus of the adhesive layer G(t). In the same Figure,
the limit cases of equations (4.3)s and (4.5)2, respectively, are also plotted for the sake of
comparison.

Figure 11 shows the graphs of the bending moment, as well as of the axial force in each
one of the constitutive beams, for varying G(t). Remarkably the bending moments at the
layered and at the monolithic limits coincide. For intermediate values of G(t) the trend
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Figure 10: Gradual relaxation, stage A, P(t) = 3 kN. Vegtichl Wisp[@ement for various values of G(t).

is quite different in the central region, whdg&radius d(t) obviously depends upon G(t),
whereas the external regions are obviou atally determined. On the other hand, the
axial force in each constituent beam is in the layered limit, while it shows a linear
trend in the external region when @ mopHthic limit is attained. The jump of the axial
force at x = —L/2 is due to the ¢ncef of §gMmcentrated shear forces in the adhesive layer
at the beam ends, analog to se
release.
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Figure 11: Gradual relaxation, stage A, P(t) = 3 kN. Graphs of the bending moment and axial force in each
one of the constituent beams for various values of G(t).

The role of the adhesion is even more evident in Figure 12, showing the shear stress
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in the interlayer and the absolute value of the maximum longitudinal stress 0,4, (t) in the
constituent beams, respectively, as a function of z, for different values of G(¢). It should be
observed that, as evidenced in Section 4.1.1, in the monolithic limit the shear stress tends
to became singular at © = —L/2 and exhibits a jump discontinuity at x = —d(t). As a
consequence of this, the maximum longitudinal stress is linear.
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Figure 12: Gradual relaxation, stage A, P(t) = 3 k){.Qhear si¥ess in the interlayer and axial stress in the
constituent beams for various values of G(t).

Figure 13 shows the distributed gont pction between the beam and the mould, that
is, the graph ¢(z,t) = —M"(z, the cQutral region, for different values of the shear
modulus of the adhesive layer sNot1 at for G(t) = 0 one finds ¢(z,t) = 0 because only
concentrated forces occur i is\gase.
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Figure 13: Gradual relaxation, stage A, P(t) = 3 kN. Distributed contact reactions with the mould for
various values of G(t).
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Increasing G(t) the contact reactions are distributed, but they tend to grow unboundedly
at © = +d(t) when G(t) — oo, attaining in the limit the Dirac’s distribution because

0

lim q(x,t) de = P(t). (4.12)
G(t)—oo —d(t)

On the other hand, in the intermediate cases when 0 < G(t) < oo , one can verify that

0
0< / oz, t) dz < P(t) Vt. (4.13)
—d(t)
This means that, aside the distributed forces, the mould will exert also concentrated
upward reactions at x = +d(¢) in order to equilibrate the external applied loads.

4.2. Stage B: pointwise contact
There is a value P(t) = P* for which d(¢) = 0. Remaf%ably, since d(¢) depends upon
the inner layer stiffness properties (see Figure 9b), alsg R d&gehds upon such properties.

(]
4.2.1. Compliant adhesive layer

Consider by symmetry the left-hand-side ha,
A, in stage B the bending moment can be
P(t)(L/2 + x), independently of the va
concentrated force 2P(t) acting at z =(0
The vertical displacement can b al

[—L/2,0]. Differently from stage
d from statics and read M(x,t) =
(t). Moreover, the contact reaction is a

v(z,t) =

Cre®®? 4 Che=® KH?A*x®>  P(t) La* 23
- — )+ C Cy. (414
a2(t 2 or 2EItot( > T3 )+ ot Ca (114)
This expression is the courgtpart of (4.7), and the constants can be determined from
conditions

V*(IL‘, t)‘:r:fL/2 =r,

V(@0 yp =0, : (4.15)
v(@, )],y =0()],y = 55,

V' (z,t)|, _,=0.

Again, for the first of (4.15) it is necessary to evaluate the shear stress 7(x,t) by integrat-
ing Newmark’s equation (2.13). An additional boundary condition comes from requiring
that the distribution of shear stress is antisymmetric, i.e., T(.Q?,t)‘xzo = 0. The explicit
expressions for the constant of integration can thus be easily found.

4.2.2. Results and comparisons.

Figure 14 shows the vertical displacement as a function of =z € [-L/2,0], as per (4.14),
for different values of the shear modulus G(t), for the same geometry as before and for
P(t) =0.3 kN < P*.
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Figure 15 shows the shear stress in the adhesive layer and the (absolute) value of the
maximum longitudinal stress in the external beams as a function of x, for different values of
G(t). It is evident that, also in the present case, whenever the monolithic limit is attained
(G(t) — o0) the shear stress tend to became singular at © = —L/2. Comparing this case
with that of figure 12, it is evident that the opposite singularities at = +d(¢) have merged
when d(t) — 0. The maximum longitudinal stress is obviously linear in the borderline cases
of layered and monolithic limits, whereas it is more complicated in the intermediate cases.

4.8. Comparison between instantaneous and gradual release in case of viscoelastic adhesion

This last Section is devoted to the comparisons of the results between the cases of
gradual release from the mould (Sections 4.1 and 4.2) and instantaneous release (Section
3). It is evident that the stress state depends not only upon the constraining loads P(t),
but also upon the secant shear modulus of adhesive layeg which can vary in time due to
viscosity. To illustrate, Figure 16 shows the graphs of tJ shear stress in the interlayer
in z € [-L/2,0], for different value of the prescribed extern tion P(t) (including both
stage A and stage B) and of G(t). It is thus evgdentgtha§ there is an interaction between
the unloading velocity and the effects of viscosityy whigh Mply that G(¢) is a decreasing
function of time. N
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Figure 16: Shear stress transmitted by the adhesive layer, for different value of the prescribed external action
P(t) and of the shear stiffness of the adhesive layer (graphs not in the same scale).

Let us consider the case in which the external constraining actions P(t) are linear de-
creasing function of time, varying from P; to the null value. For the same geometry of the
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laminated package referred to in the previous Sections, suppose that the adhesive layer is
made of a viscoelastic material whose response is interpreted through the Maxwell-Wiechert
model [18]. More precisely, suppose that under constant shear-strain, the shear modulus
decays with time according to the Prony series

N N
G(t) =Goo+ Y _ Gre /% =Gy =Y Gr(1—e %), (4.16)
k=1 k=1

where G is the long-term shear modulus (corresponding to the totally relaxed material),
whereas the terms Gy and 0y, k = 1,.., N, are respectively the relaxation shear moduli and
the relaxation times associated with the ¢ — th Maxwell element. The instantaneous shear
modulus Gy is thus given by G + Zszl G.. Assumed parameters for the present case are
N =3, Gy = 10 MPa, G; = 9 MPa, G, = 0.9 MPa, G3 = 0.09 MPa; #; =1 s, 65 = 10 s,
f3 = 100 s. Such values are compatible with those of a confon glue used to produce glued
laminated timber.

Consider, then, the three different unloading histoifieyplot®d in Figure 17a, where the
descent of the external constraining actions from P\tQ th®&hull value is done in 30 s, 60s
and 120s, respectively. The value Py = 66.7 sWeen chosen so that the starting
detachment-length d(07) is of the same ordepdf theNgdam height.
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Figure 17: a) Three linear unloading histories. b) Corresponding time-dependent maximum shear stress in
the adhesive layer, compared with the shear stress for an instantaneous release.

Figure 17b shows the comparison of the maximum shear stress in the interlayer, obtained
in general at the ends x = £L/2 (Figure 16), for the three considered unloading histories.
For the sake of comparison, the graph of instantaneous release, treated in Section 3, is
juxtaposed to the others.

Observe that at the instant ¢ in which P(¢) = 0, the graphs meet, and afterwards follow,
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the “instantaneous release” curve. Remarkably, if the constraining loads are gradually
removed, the state of stress in the interlayer can be substantially reduced, of one order
of magnitude. In other words, a gradual release is the way to “bypass” the shear stress
concentrations that would occur at the beam ends if the unloading was instantaneous. This
case confirms that an accurate design of bent-lamination should not neglect to consider the
unloading phase as a crucial part of the process.

5. Conclusions

A model problem has been proposed to describe the response of curved laminated beams
obtained by gluing elastic plies while bent against a constraining mould. The composite is
made by two Euler-Bernoulli beams bonded, in the deformed state, by a thin viscoelastic
adhesive layer, which provides the shear coupling that ignecessary to maintain the cur-
vature when the constrains with the mould are removed. Mowever, after the release, the
viscoelasticity of the adhesive interlayer provokes an initjal sRring-back followed by a long-
term relaxation due to the decay of the shear-cogpli f constituent plies. This causes
not only a time-dependent variation of the shape so ¥ redistribution of stress.

The equilibrium equations, as well as the b
a variational approach. The relative slip bet eams produced in the forcing phase
is properly taken into account as a distripe ear dislocation [7]. The viscoelasticity of
the adhesive layer has been considered(% sunling that a Prony series for the Maxwell-
Wiechert model describes the tim Rledce of the shear modulus, an approximation
that neglects the memory effect gf i
elastic approach. The Euler-lmigra
this particular case, a methg ginally proposed by Newmark et al. [15] for composite
beams with elastic intera %
displacement only. It is theW ppssible to evaluate analytically the relationship between the
shape of the mould and the Rbape of the beam that can be obtained after the release, as
well as the resulting state of stress in the constituent layers, which varies with time due to
the viscoelasticity of the adhesive.

If the contact is instantaneously released, it is demonstrated that the use of a constant-
curvature mould induces remarkable shear stress concentrations in the adhesive layer, in
the neighborhood of the beam ends, which can possibly induce delamination. On the other
hand, if one applies other types of mould shapes such as the sinusoidal one, which differs
only slightly from the constant-curvature configuration in cases of practical importance, an
almost uniform distribution of shear stresses can be obtained. Indeed, for what the state of
stress is concerned, the constant curvature mould appears to be one of the worst choices,
because just a very slight modification of this profile can smoothen out the stress peaks
with insignificant modification of the aesthetics.

The possible advantages of a gradual release of the beam have been investigated by
solving the time-dependent contact problem of the composite beam with the mould. In
particular, the beam is supposed to be pressed against the mould by two time-decreasing
external forces applied at its extremities. It has been demonstrated that the viscoelastic

cOhditions, have been obtained with

quations may be manipulated by developing, for
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properties of the interlayer strongly influence not only the progressive decrease of the contact
area and the redistribution of stress in the constituent layers, but also the qualitative form
of the constraint contact reactions. In the limit cases of free-sliding beams (layered limit) or
rigidly bonded beams (monolithic limit) the constant-curvature mould exerts concentrated
reaction forces at the borders of the contact zone [22]. But when the shear stiffness of the
interlayer is non-zero and finite, part of the action of the concentrated contact forces is
shifted to a distributed pressure that arises in the contact area.

It is very interesting, in our opinion, to observe that a gradual release from the constrain-
ing mould produces a much lower shear stress in the adhesive interlayer with respect to the
case of instantaneous release. In other words, a gradual release is the way to bypass the
stress concentrations that may occur at the beam ends when the release is instantaneous.

We expect that the present study can furnish indications to optimize the glued laminated
timber(Glulam) manufacturing process and the cold-lamingtion-bending of structural glass.
Optimization of the shape of the mould and a proper desighof the release phase appear to
be crucial factors that can substantially improve the lityqof\the product, reducing the
risks of spontaneous delamination.
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